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SUMMARY 
Three bas i c  types of symmetry (and t h e i r  combinations) exhib i ted  by t i r e  
response are i d e n t i f i e d .  
sented f o r  reducing both the  s i z e  of the  model and the  c o s t  of t he  ana lys i s  of  
tires i n  the  presence of symmetry-breaking conditions (e .g . ,  unsymmetry of  the  t i r e  
ma te r i a l ,  geometry, and/or loading) .  The s t r a t egy  i s  based on approximation of  the  
unsymmetric response o f  the  t i r e  with a f inea t t  combinaltion 0 6  hymmeWc and ant i -  
aymmetrLic glob& appwximu-tion veczoa (04 m o d a l .  
A simple and e f f i c i e n t  computational s t r a t e g y  i s  pre- 
The th ree  main elements of the  computational s t r a t e g y  a r e  as follows: (1) use 
of t h ree - f i e ld  mixed f ini te-element  models having independent shape funct ions f o r  
stress r e s u l t a n t s ,  s t r a i n  components, and generalized displacements,  with the  stress 
r e s u l t a n t s  and the  s t r a i n  components allowed to be discontinuous a t  interelement  
boundaries; (2 )  use of opera tor  s p l i t t i n g  (addi t ive decomposition of some of the  
matr ices  and vec tors  i n  the  f ini te-element  model) t o  de l inea te  the  symmetric and 
antisymmetric cont r ibu t ions  t o  the  response; and ( 3 )  successive use of  the  f i n i t e -  
element method and the  c l a s s i c  Rayleigh-Ritz technique t o  s u b s t a n t i a l l y  reduce the  
number of degrees of freedom. The f ini te-element  method i s  f i r s t  used t o  generate 
a few global  approximation vec tors  ( o r  modes). Then the  amplitudes of  these modes 
a r e  computed with the  Rayleigh-Ritz technique. 
The proposed computational s t r a t e g y  is  applied t o  th ree  quasi-symmetric prob- 
l e m s  of t ires,  namely, (1) l i n e a r  ana lys i s  of an i so t rop ic  tires through use of 
semianalyt ic  f i n i t e  elements, (2 )  nonlinear  analysis  of  an i so t rop ic  t i r e s  through 
use of  two-dimensional s h e l l  f i n i t e  elements, and (3) nonl inear  ana lys i s  of ortho- 
t r o p i c  tires subjected t o  unsymmetric loading. In  the  f i r s t  two app l i ca t ions ,  the  
anisotropy (nonorthotropy) o f  the  t i r e  i s  the  source of t he  symmetry breaking; i n  
the  t h i r d  app l i ca t ion ,  the  quasi-symmetry i s  due t o  the  unsymmetry of the  loading. 
The e f f ec t iveness  of  t he  proposed computational s t r a t e g y  i s  a l s o  demonstrated w i t h  
numerical examples, and i t s  p o t e n t i a l  f o r  handling p r a c t i c a l  t i r e  problems i s  
out l ined .  
1 INTRODUCTION 
One of  t he  most chal lenging appl ica t ions  of  computational s t r u c t u r a l  mechanics 
i s  the  numerical s imulat ion of the  response of a i r c r a f t  t i r e s  during t a x i ,  take-off ,  
and landing operat ions.  I n  addi t ion  t o  the  harsh environment t ires are subjected t o ,  
t h e i r  composite s t r u c t u r e  i s  composed of  rubber and t e x t i l e  cons t i t uen t s  which ex- 
h i b i t  an i so t rop ic ,  nonhomogeneous mater ia l  p roper t ies .  (See f i g .  1.) T i r e s  a r e  
subjected t o  i n f l a t i o n  pressure and t o  a va r i e ty  of  unsymmetric mechanical and 
thermal loads which can r e s u l t  i n  l a rge  s t r u c t u r a l  r o t a t i o n s  and deformations a s  
w e l l  a s  i n  v a r i a t i o n s  i n  the  c h a r a c t e r i s t i c s  of t h e  t i r e  cons t i t uen t s .  A l s o ,  t h e  
laminated carcass  o f  a i r c r a f t  t i r e s  is  th ick  enough t o  allow s i g n i f i c a n t  t ransverse-  
shear  deformations. Moreover, the  d e t a i l e d  s t r e s s  and temperature d i s t r i b u t i o n s  i n  
t i r e s  may requi re  the  use of three-dimensional f i n i t e  elements t o  model c e r t a i n  
regions of  the  t i re .  To date only a f e w  ana ly t i ca l  t o o l s  have been ava i l ab le  t o  
a s s i s t  t he  t i r e  designer .  
reszonse i s  gi~.7en i n  references 1 t o  3. 
A review of t h e  commonly used models f o r  p red ic t ing  t i r e  
The aforementioned d i f f i c u l t i e s  can make the  c o s t  of  the  numerical s imulat ion 
of t he  t i r e  response prohib i t ive .  Hence, there  is a need t o  develop modeling 
s t r a t e g i e s  and ana lys i s  methods t o  reduce t h i s  expense. I n  recent  years  nonl inear  
analyses  of  s t a t i c  and dynamic problems have become the  focus of extensive research 
e f f o r t s .  
element d i s c r e t i z a t i o n  methods as w e l l  as t h e  development of  improved numerical 
methods and software systems f o r  nonl inear  s t a t i c  and dynamic analyses  of s t r u c t u r e s  
and s o l i d s .  Novel techniques which have emerged from these  e f f o r t s  include three-  
f i e l d  mixed finite-element models ( r e f s .  4 and 5) , semianalyt ic  f ini te-element  
models f o r  s h e l l s  o f  revolut ion ( r e f s .  6 and 7) , techniques f o r  exp lo i t i ng  the  
s p e c i a l  symmetries exhib i ted  by an i so t rop ic  p l a t e s  and s h e l l s  i n  t h e i r  f i n i t e -  
element analyses ( r e f s .  8 and 9) , s ingle-  and multiple-parameter reduct ion techniques 
( r e f s .  10 t o  13), and opera tor  s p l i t t i n g  techniques ( r e f s .  1 4  t o  1 6 ) .  Current t i r e  
modeling s tudies  a t  NASA Langley Research Center are aimed a t  developing an accurate  
and cos t -e f fec t ive  computational s t r a t e g y  f o r  p red ic t ing  t i r e  response. This i s  
accomplished through combining the  aforementioned ana lys i s  techniques with a modeling 
s t r a t e g y  f o r  exp lo i t i ng  the  symmetries exh ib i t ed  by the  t i r e  response. In  s i t u a t i o n s  
f o r  which the  symmetry is  broken because of unsymmetry of the  t i r e  material, geometry, 
o r  loading (quasi-symmetric problems),  t he  proposed s t r a t e g y  allows the  reduct ion of 
t he  s i z e  of  t h e  ana lys i s  model t o  t h a t  of  t h e  corresponding symmetric t i r e  problem. 
This endeavor has prompted t h e  development of v e r s a t i l e  and powerful f i n i t e -  
The objec t ives  of the  present  paper are the  following: (1) t o  review t h e  d i f -  
f e r e n t  types of symmetry exhib i ted  by the  t i r e  response; 
e f f i c i e n t  computational s t r a t e g y  f o r  t he  ana lys i s  of  tires i n  the  presence o f  
symmetry-breaking condi t ions;  and ( 3 )  t o  d iscuss  the  p o t e n t i a l  of  the  proposed 
computational s t r a t e g y  and i ts  appl ica t ion  t o  p r a c t i c a l  t i r e  problems. 
the  focus of the study, discussion i s  l imi t ed  t o  t ires with e l l i p t i c  c ros s  sec t ions  
and l i n e a r  mater ia l  response. The t i r e  i s  modeled through use of t h e  moderate- 
r o t a t i o n ,  geometrically nonl inear  Sanders-Budiansky s h e l l  theory with t h e  e f f e c t s  
of  t ransverse-shear  deformation and laminated an i so t rop ic  material response included 
( r e f s .  1 7  and 1 8 ) .  The s ign  convention f o r  the  ex te rna l  loading,  general ized d i s -  
placements, and s t r e s s  r e s u l t a n t s  i s  given i n  f i g u r e  2 .  
( 2 )  t o  p re sen t  a simple and 
To sharpen 
2 SYMMETRIES EXHIBITED BY TIRE RESPONSE 
The fundamental d e f i n i t i o n s  of symmetry, symmetry elements,  and symmetry 
opera t ions  are  reviewed i n  reference 19. When appl ied  t o  tires, the  "axiom of  
symmetry" introduced i n  references 19 and 20  becomes the  following: 
exh ib i t i ng  ce r t a in  types of  symmetry and a system of loads which e x h i b i t s  the  same 
types of  symmetry as those of  the  t i re ,  the  response obtained i s  expected t o  e x h i b i t  
t he  same types of symmetry as those inhe ren t  i n  the  t i r e  and the  loading system. 
Herein the  symmetry of  the  t i r e  r e f e r s  t o  t h e  symmetry of  (1) t i r e  geometry, ( 2 )  
lamination and mater ia l  parameters (e .g . ,  cord o r i e n t a t i o n  and s tacking  of l a y e r s )  , 
and ( 3 )  boundary condi t ions a t  the  r i m .  
given a t i r e  
The symmetry of t ires i s  described by g iv ing  the  s e t  of  a l l  opera t ions  which 
preserve t h e  dis tance between pairs of  p o i n t s  of  the  t i r e  and which take  the  t i re  
i n t o  an equivalent configurat ion ( i . e . ,  i n t o  a configurat ion which i s  indis t inguish-  
ab le  from the  o r i g i n a l  configurat ion bu t  no t  necessa r i ly  i d e n t i c a l  t o  t h a t  
conf igura t ion) .  
of  a l l  symmetry t ransformations forms the  symmetry group of  the  t i r e  ( r e f .  2 0 ) .  
Any such operat ion is c a l l e d  a symmetry t ransformation.  The set  
The three  b a s i c  types of symmetry f requent ly  exhib i ted  by the  t i r e  response 
a r e  (1) a x i a l  symmetry, ( 2 )  r o t a t i o n a l  symmetry, and (3)  r e f l e c t i o n  symmetry. The 
c h a r a c t e r i s t i c s  of  t hese  symmetries are examined subsequently. 
2 
I 2 . 1  Axial Symmetry 
A t i r e  i s  s a i d  to  e x h i b i t  a x i a l  symmetry 'about i t s  a x i s  c f  revolu t ion  (y-axis 
i n  f i g .  3) i f  it can be brought i n t o  an equivalent  configurat ion by any r o t a t i o n  
about t h a t  ax is .  
p r o p e r t i e s ,  and boundary condi t ions are independent o f  the  c i rcumferent ia l  coordinate 
8 ( i - e . ,  the  t i r e  i s  axisymmetric). If  the  loading i s  a l s o  axisymmetric, then t h e  
response is  expected t o  be axisymmetric. 
buckl ing of a t i r e  subjected t o  axisymmetric loading.) 
tropic t ires subjec ted  t o  axisymmetric loading, t h e  t w o  s e t s  of  general ized displace-  
Axial  symmetry i s  exhib i ted  by t i res  whose geometry, mater ia l  
(This excludes the  case of unsymmetric 
For i s o t r o p i c  and ortho- 
s3; 
se' Mse,  Qe) 
ments, s t r a i n  components, and s t r e s s  r e su l t an t s  (u,  w,  $ s ;  E SI € 0 '  K 0 '  2 E  
2ce3; and N 
se 
and Ns, N o ,  MsI Me, Qs and v, 0,; 2cS0, 2K 
are genera l ly  uncoupled. In  cont rad is t inc t ion ,  f o r  an i so t rop ic  t ires ( a l so  sub- 
j ec t ed  t o  axisymmetric loading) the  t w o  s e t s  a r e  coupled. (See f i g .  4.) I n  the  
presence of  a x i a l  symmetry only one meridian of the  t i r e  needs to  be analyzed. 
(See f i g .  4.) 
2.2 Rotat ional  Symmetry 
A t i r e  e x h i b i t s  r o t a t i o n a l  symmetry about an a x i s  normal t o  the  a x i s  of revolu- 
t i o n  (e.g. ,  x-axis or  z-axis i n  f i g .  3) i f  a 180° r o t a t i o n  around t h i s  a x i s  br ings  
t h e  t i r e  i n t o  an equivalent  configurat ion.  Such r o t a t i o n s  a r e  r e fe r r ed  t o  as 
d ihedra l  r o t a t i o n s ,  i n  con t r ad i s t inc t ion  t o  t h e  a x i a l  r o t a t i o n  discussed i n  
sec t ion  2.1.  If the  ex te rna l  loading exh ib i t s  r o t a t i o n a l  symmetry about t h e  same 
a x i s  as the  t i re ,  then t h e  response w i l l  a l s o  e x h i b i t  t he  same symmetry. For con- 
venience, t he  reference (middle) sur face  of t h e  t i r e  i s  parametrized by t h e  t w o  
coordinates  5 and 0 .  (See f i g .  3 . )  The coordinate 5 represents  a normalized 
a r c  length d is tance  measured from the  crown of  t h e  t i r e ,  and the  coordinate 8 is 
the  c i rcumferent ia l  angle measured f r o m  t h e  in t e r sec t ion  of t h e  negat ive z-axis with 
t h e  reference sur face .  The r o t a t i o n a l  symmetry of  t he  ex te rna l  loading and the  
response about an a x i s  normal to  the  t i r e  through the  o r i g i n  (5 = 8 = 0, t he  z-axis 
i n  f i g .  3) are expressed by the  following r e l a t ions :  















( 3 )  
(-5 ,-e1 
represent  the  i n t e n s i t i e s  of  the  loading i n  t h e  s-, e - ,  and where p , p e r  and p 
x -d i rec t ions  t o  the  reference sur face  and m and m a r e  t h e  i n t e n s i t i e s  of t h e  
appl ied  moments. 3 S 0 
The symmetry r e l a t i o n s  f o r  t he  s t r a i n  components a r e  t h e  same as those f o r  t he  
corresponding s t r e s s  r e s u l t a n t s .  These r e l a t i o n s  show t h a t  f o r  a symmetric loading 
(def ined by eqs. ( 1 1 1 ,  t he  general ized displacements u, v ,  O s ,  and 9, I t he  
transverse-shear stress r e s u l t a n t s  Qs and Q,, and the  t ransverse-shear  s t r a i n  
components 2ES3 and 2~~~ vanish a t  the  a x i s  of  r o t a t i o n  (5 = 8 = 0 ) .  
Rotat ional  symmetry can be exhib i ted  by i s o t r o p i c ,  o r tho t rop ic ,  and an i so t rop ic  
tires. 
of i t s  e f f e c t  on the  ( S , 0 )  space. The i n t e r s e c t i o n s  of t he  a x i s  of r o t a t i o n a l  
symmetry with the  t i r e  middle sur face  correspond t o  the  C U L ? k U  06 hyl?lm&y i n  t he  
( S , e )  space. 
It  i s  sometimes r e fe r r ed  t o  i n  the  l i t e r a t u r e  as hW?AAiOn hpnrK?AkLj because 
An i l l u s t r a t i o n  of r o t a t i o n a l  symmetry for a two-layered t i r e  subjected t o  
uniform i n f l a t i o n  pressure  and a loca l i zed  loading is  given i n  f igu re  5 ( a ) ,  i n  
which normalized contour p l o t s  for t h e  t w o  displacements v and w are shown. 
As can be seen  from f i g u r e  5 ( a ) ,  only one-half of the  t i r e  needs t o  be analyzed. 
2.3 Ref lec t ion  Symmetry 
A t i r e  exh ib i t s  r e f l e c t i o n  (or mir ror )  symmetry with r e spec t  t o  a .  plane ( e - g . ,  
4 
X-Z plane i n  f i g .  3)  i f  it can be brought i n t o  an equivalent  configurat ion by mirror  
r e f l e c t i o n  i n  t h a t  plane.  5 = 0 
( f i g .  3 ) ,  t he  symmetry r e l a t i o n s  f o r  the  t i r e  loading and response a r e  given by t h e  
following: 
For r e f l e c t i o n  symmetry with r e spec t  t o  the  plane 
Externa l  loading: 
Generalized displacements: 
Stress r e s u l t a n t s :  
The symmetry r e l a t i o n s  f o r  t he  s t r a i n  components are the  same as those €or the  
corresponding s t r e s s  r e s u l t a n t s .  
o r tho t rop ic  t i r e s  bu t  no t  i n  an i so t rop ic  t i r e s .  
Reflect ion symmetry can occur i n  i s o t r o p i c  and 
2 .4  Symmetry Combinations 
Combinations of  t he  foregoing th ree  basic  types of  symmetry are poss ib l e  i n  
These combinations reduce the s i z e  of t h e  a n a l y s i s  model and t h e  t i re  response. 




The symmetry combinations can be of t h e  same type or of d i f f e r e n t  
The following th ree  examples of symmetry combinations are discussed here in .  
2 .4 .1  Reflection symmetry combined with d ihedra l  r o t a t i o n a l  symmetry.- T h i s  
r e s u l t s  i n  r e f l e c t i o n  symmetry with r e spec t  t o  t w o  p lanes ,  as shown i n  f i g u r e  5 (b )  
f o r  a two-layered o r tho t rop ic  t i r e  subjec ted  t o  uniform i n f l a t i o n  pressure  and 
loca l i zed  loading. The s i z e  of the  ana lys i s  model is only one quadrant of  the  t i re .  
2.4.2 Periodic ( o r  t r a n s l a t i o n a l )  symmetry.- Per iodic  symmetry i s  r o t a t i o n a l  
symmetry around both the  x- and the  z-axis (see f i g .  3) and i s  exh ib i t ed  by the  
response o f  or thot ropic  and an i so t rop ic  t ires,  f o r  which the  t i r e  geometry, material, 
boundary condi t ions,  and loading have r o t a t i o n a l  symmetry around both axes.  An 
example of per iodic  symmetry f o r  two-layered o r tho t rop ic  tires subjec ted  t o  uniform 
i n f l a t i o n  pressure and "symmetric" loca l i zed  loading i s  given i n  f i g u r e  5 (c )  . The 
s i z e  of t he  ana lys i s  model i s  only one o c t a n t  of the  t i r e .  
2.4.3 A x i a l  symmetry combined with r o t a t i o n a l  and/or r e f l e c t i o n  symmetry.- I f  
both the  t i r e  and the loading possess r o t a t i o n a l  and/or r e f l e c t i o n  symmetry i n  addi- 
t i o n  t o  a x i a l  symmetry, then the  s i z e  of the  ana lys i s  model reduces t o  ha l f  t he  
meridian. The symmetry condi t ions i n  these  cases are l i s t e d  i n  t a b l e  1. 
2.5 Linear Response of  T i r e s  subjected t o  Unsymmetric Loading 
The aforementioned symmetry concepts can be used i n  p r e d i c t i n g  the  l i n e a r  re- 
sponse of t i r e s  subjected t o  unsymmetric loading. This i s  accomplished through the  
decomposition of  the  loading i n t o  var ious symmetric and antisymmetric components. 
The t i r e  response i s  then obtained through summation of  t h e  responses t o  each of t he  
symmetric and antisymmetric loading components. 
known symmetries (and/or antisymmetries),  and the re fo re  only a small po r t ion  of  t he  
t i r e  needs t o  be analyzed i n  each case,  with a consequent large reduct ion i n  t h e  
computational e f f o r t .  
These responses have a pkikhi 
Note t h a t  a unique comenpondence ex,&& bmeen Rhe ayrnrneXkLc and anhhymrn&c 
cornponed 06 f i e  Loading and Rhe comenponding treAppaMne cornponed .  
on the  p r inc ip l e  of superposi t ion,  which i s  genera l ly  v a l i d  only f o r  l i n e a r  problems. 
This i s  based 
3 SYMMETRY-BREAKING (QUASI-SYMMETRY) CONDITIONS 
Symmetry-breaking, o r  quasi-symmetry, condi t ions are 'used i n  the  p re sen t  study 
for  s i t u a t i o n s  i n  which the  t i r e  response cannof be e x a d y  compLLted aA a 
0 6  a y r n r n d c  and avttinymme,?%c rnoden. The major sources of  symmetry breaking are 
unsymmetry of the  t i r e  material, geometry, boundary condi t ions ,  and loading. I n  
t h e  mechanics l i t e r a t u r e  the  term "asymmetry" is o f t en  used t o  denote unsymmetry. 
Mater ia l  anisotropy is  a source of  r e f l e c t i o n  unsymmetry. 
can be caused by the  presence of  unsymmetric imperfections i n  the  t i re .  The contac t  
of the  t i re  with the  pavement can be considered as unsymmetric boundary condi t ions.  
Unsymmetric loading i s  a source of symmetry breaking when the  nonl inear  t i r e  response 
i s  considered. In  a p r a c t i c a l  s i t u a t i o n ,  a combination of  t he  d i f f e r e n t  types of 
unsymmetry may e x i s t .  
A w n  
The unsymmetry i n  geometry 
If the  unsymmetry of the  t i r e  material, geometry, or loading i s  s m a l l ,  t h e  
unsymmetric t i re  response can be obtained as a small per tu rba t ion  from the  corre- 
sponding symmetric response. As an example of t h i s ,  for  " s l i g h t l y  an iso t ropic"  tires 
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t h e  response can be obtained as a s m a l l  per turba t ion  from t h e  o r tho t rop ic  response 
( see  r e f s .  2 1  and 221, thereby reducing the  s i ze  of the  ana lys i s  model of t h e  aniso- 
t r o p i c  t i r e  t o  t h a t  of t h e  corresponding or thot ropic  t i r e .  On t h e  o the r  hand, when 
the  unsymmetry i s  Large (e.g., f o r  s t rongly  an iso t ropic  t i r e s ) ,  the  c l a s s i c  per tur -  
ba t ion  technique does no t  work. I n  s ec t ion  4, a computational s t r a t e g y  i s  presented 
f o r  reducing t h e  s i z e  of t he  ana lys i s  model for  quasi-symmetric problems o f  t i r e s  t o  
t h a t  of t h e  corresponding symmetric problems. 
4 PROPOSED COMPUTATIONAL STRATEGY FOR OUASI-SYMMETRIC PROBLEMS 
I n  t h i s  s ec t ion  a computational s t r a t egy  is  presented f o r  t h e  e f f i c i e n t  ana lys i s  
of t i r e s  i n  the  presence of  symmetry-breaking (quasi-symmetric) condi t ions.  The 
proposed s t r a t e g y  is  based on appho>cima;ting ,the Wymm&c heAponAe of  the  t i r e  
with a f i n e m  combination od aymm&c and antihymmc0dc g l o b a l  apphoximaR;ion vec tom 
(o r  modes). The th ree  main elements of the  computational s t r a t e g y  are as follows: 
(1) use of t h ree - f i e ld  mixed models having independent shape funct ions f o r  stress 
r e s u l t a n t s ,  s t r a i n  components, and generalized displacements,  with the  stress re- 
s u l t a n t s  and s t r a i n  components allowed t o  be discontinuous a t  interelement  boundaries; 
( 2 )  use of opera tor  s p l i t t i n g  (addi t ive  decomposition o f  some of  the matrices and 
vec tors  used i n  the  f ini te-element  model) t o  de l inea te  the  symmetric and antisymmetric 
cont r ibu t ions  t o  t h e  response; and (3) successive use of  the f ini te-element  method 
and t h e  c l a s s i c  Rayleigh-Ritz technique to  subs t an t i a l ly  reduce the  number of degrees 
o f  freedom. 
mation vec tors  (o r  modes). Then t h e  amplitudes o f  t hese  modes are computed with 
the  Rayleigh-Ritz technique. 
The f ini te-element  method i s  f i r s t  used to  generate  U 5W global  approxi- 
Main elements 2 and 3 are e s s e n t i a l  f o r  t he  success  of t h e  computational s t r a t e g y ,  
and main element 1 s i g n i f i c a n t l y  enhances the e f f i c i ency  and e f f ec t iveness  of  the  
s t r a t egy .  I n  sec t ions  5 t o  7 t he  d e t a i l s  of appl ica t ion  of  t h e  proposed s t r a t e g y  
t o  t h e  following th ree  quasi-symmetric problems are discussed: l i n e a r  ana lys i s  of  
an i so t rop ic  tires (subjected t o  a r b i t r a r y  loading) through use of semianalyt ic  
f i n i t e  elements; nonl inear  ana lys i s  of an iso t ropic  t i res  through use of  t w o -  
dimensional s h e l l  f i n i t e  elements; and nonlinear ana lys i s  of  o r tho t rop ic  t i r e s  
subjected t o  unsymmetric loading. In  the  f i r s t  t w o  app l i ca t ions  t h e  anisotropy 
(nonorthotropy) of t h e  t i r e  i s  t h e  source of symmetry breaking; i n  t h e  t h i r d  appl i -  
ca t ion ,  t h e  symmetry breaking i s  due t o  the  unsymmetry of  t h e  loading. 
r e s u l t s  are presented i n  sec t ion  8. 
Numerical 
The th ree  app l i ca t ions  presented i n  sec t ions  5 t o  7 are intended t o  demonstrate 
the  use of  t he  proposed computational s t ra tegy  i n  analyzing p r a c t i c a l  t i r e  problems. 
T i r e s  with a s m a l l  number of pl ies  (e.g., two)  genera l ly  e x h i b i t  a high degree of 
anisotropy.  As t h e  number of  pl ies  i n  the  t i r e  increases ,  t he  e f f e c t  of the  aniso- 
t r o p i c  (nonorthotropic) s t i f f n e s s  coe f f i c i en t s  on the  t i re  response decreases ,  and 
f o r  10 or  more pl ies  the  t i r e  can be t r e a t e d  a s  o r tho t rop ic .  
For t i res  with uniform c i rcumferent ia l  p rope r t i e s  subjected t o  pressure  load- 
ing ,  t h e  response can be accura te ly  predicted with the  l i n e a r  theory.  I f  t he  
loadiiig is nonl;nifcrm i n  the  c i rcumferent ia l  d i r e c t i o n ,  then  an e f f i c i e n t  a n a l y s i s  
technique can be obtained f r o m  a Four ie r  s e r i e s  r ep resen ta t ion  o f  t he  d i f f e r e n t  t i r e  
q u a n t i t i e s  i n  the  c i rcumferent ia l  d i r e c t i o n  and a one-dimensional f ini te-element  
d i s c r e t i z a t i o n  i n  t h e  meridional d i r ec t ion .  However, f o r  an i so t rop ic  tires t h i s  
ana lys i s  technique can become expensive. 
computational s t r a t e g y  s i g n i f i c a n t l y  reduces t h e  cost o f  analyzing highly an i so t rop ic  
tires, as descr ibed i n  sec t ion  5. 
The app l i ca t ion  of  t h e  aforementioned 
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when the tires a r e  subjected t o  a combination of  pressure  loading and loca l i zed  
loading (e .g . ,  i n  t h e  contac t  r eg ion ) ,  then t h e  use of  two-dimensional s h e l l  f i n i t e  
elements i s  appropriate .  However, t h i s  technique can also become q u i t e  expensive 
f o r  an iso t ropic  t ires or f o r  unsymmetric l oca l i zed  loading. The use of the  computa- 
t i o n a l  s t ra tegy  t o  reduce the  c o s t  of  t h e  ana lys i s  i n  these  cases is discussed i n  
sec t ions  6 and 7. 
The computational s t r a t e g y  i s  based on a form of t h e  moderate-rotation Sanders- 
Budiansky s h e l l  theory with t h e  e f f e c t s  of t ransverse-shear  deformation and laminated, 
an i so t rop ic  mater ia l  response included. (See r e f s .  1 7  and 18 and appendix A . )  A 
t o t a l  Lagrangian formulation is used and t h e  fundamental unknowns c o n s i s t  o f  t he  
f i v e  general ized displacements, t he  e i g h t  s t r e s s  r e s u l t a n t s ,  and t h e  corresponding 
e i g h t  s t r a i n  components of the  middle sur face .  (See f i g .  2 f o r  s ign  convention.) 
5 LINEAR ANALYSIS OF ANISOTROPIC TIRES THROUGH USE 
OF SEMIANALYTIC F INITE ELEMENTS 
For t i r e s  with uniform c i rcumferent ia l  p rope r t i e s ,  an approach genera l ly  used 
f o r  pred ic t ing  the  l i n e a r  response i s  based on the  representa t ion  of t h e  s h e l l  var i -  
ab l e s  and the  ex te rna l  loadings with Fourier  s e r i e s  i n  the  c i rcumferent ia l  coordinate  
0 combined with the  use of  f i n i t e  elements i n  the  meridional d i r ec t ion .  (See 
r e f .  23.) The following expressions a r e  used f o r  the  ex te rna l  loadings: 
6’ 
0 .n 
The generalized displacements X, stress r e s u l t a n t s  H I  and s t r a i n  components E 
are approximated with expressions of t he  form 
03 03 
m 03 
H ( s , 0 )  = n n n= 0 n= 1 
03 03 
E ( s , 8 )  = 
n n n= 0 n= 1 
(10) 
where Ni 
ments i n  t h e  meridional d i r ec t ion ;  
t he  s t r e s s  r e s u l t a n t s  and the  s t r a i n  components; 
a l i z e d  nodal displacement c o e f f i c i e n t s  assoc ia ted  with the  Four ie r  harmonic 
a r e  t h e  shape funct ions used i n  approximating t h e  general ized displace-  
i -i r e f e r  t o  the  gener- 






and H? r e f e r  t o  t h e  s t r e s s - r e s u l t a n t  parameters assoc ia ted  with the  harmonic n;  
and En .c and En r e f e r  t o  the  s t r a i n  parameters assoc ia ted  with the  harmonic n. 
The barred t i r e  q u a n t i t i e s  are assoc ia ted  w i t h  t he  s i n e  series. Based on the  pres-  
e n t  s tudy,  t he  degree of  polynomial shape functions 
of Mi. Moreover, the  cont inui ty  of t h e  s t r e s s  r e s u l t a n t s  and t h e  s t r a i n  components 
i s  not  imposed a t  the  interelement  boundaries and, therefore ,  both the  s t r a i n  param- 
eters and the  s t r e s s - r e s u l t a n t  parameters can be el iminated a t  the  element l e v e l .  
-i 
# i s  one lower than t h a t  
I n  equat ions (7 )  t o  (10) , the  range o f  the supe r sc r ip t  i i s  1 t o  m, t he  
number of  displacement nodes i n  the  element; the range of supe r sc r ip t  
h ,  t he  number of parameters used i n  approximating each of t he  stress r e s u l t a n t s  or  
t h e  s t r a i n  components. 
range. 
i i s  1 t o  
A repeated superscr ip t  denotes summation over i t s  e n t i r e  
5.1 Governing Finite-Element Equations 
The governing f ini te-element  equat ions are  obtained through app l i ca t ion  of  t he  
For t i res  with uniform circum- th ree - f i e ld  Hu-Washizu mixed v a r i a t i o n a l  p r inc ip l e .  
f e r e n t i a l  p r o p e r t i e s ,  t he  f ini te-element  equations uncouple i n  harmonics, t h a t  i s ,  
each load harmonic e x c i t e s  only t h e  response i n  t h e  same harmonic. 
n ,  t he  governing equat ions f o r  ind iv idua l  elements can be c a s t  i n  t he  following form: 
For the  harmonic 
where (XIn, {Eln,  and (H}, are respec t ive ly  the  vec tors  of nodal displacement 
c o e f f i c i e n t s ,  t h e  s t r a i n  parameters, and the  s t r e s s - r e s u l t a n t  parameters assoc ia ted  
with n; [Kin, [ R I n ,  and [SIn are "generalized" s t i f f n e s s  matr ices;  (Q), i s  
the  vec tor  of normal ex te rna l  loadings; subscr ip t  n r e f e r s  t o  the  n th  Four ie r  
harmonic; and supe r sc r ip t  t denotes t ranspos i t ion .  
I f  t h e  s t r a i n  parameters are el iminated from equations (11) on the  element 
l e v e l ,  one obta ins  the  governing equat ions of t he  two-field Hellinger-Reissner 
mixed models. 
t ake  t h e  form 
The governing equat ions for  t h e  ind iv idua l  elements o f  these  models 
L: "01 n (:)n = (;}n = O 
where [F] is  the  l i n e a r  f l e x i b i l i t y  m a t r i x  of  t he  element given by 
The equivalence between the  th ree - f i e ld  Hu-Washizu mixed models, the  two-field 
Hellinger-Reissner mixed models, and the  reduced-selective in t eg ra t ion  displace-  
ment models is  discussed i n  re ferences  4 and 24. 
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5.2 Operator S p l i t t i n g  
To simplify the  ana lys i s  of  an i so t rop ic  t i res ,  the  vec tors  {Eln, { H I n ,  
{XIn, and (Q}n i n  equations (11) are each p a r t i t i o n e d  i n t o  t w o  subvectors:  
{Eln,  {Eln; { H I  {ffIn; {#In, {XIn; and {qjn,  {PIn. The first and second sub- 
vectors  o f  each p a i r  a r e  assoc ia ted  with t h e  symmetric and antisymmetric fundamental 
unknowns (or ex terna l  l oad ings ) ,  respec t ive ly .  The two sets of  symmetric and an t i -  
symmetric s h e l l  va r i ab le s  a r e  l i s t e d  i n  t a b l e  2. I n  table 2 ,  t h e  s h e l l  va r i ab le s  
without a ba r  are t h e  c o e f f i c i e n t s  of the  cosine s e r i e s ,  and t h e  barred t i r e  va r i -  
ables  are the  c o e f f i c i e n t s  of the  s i n e  series. (See eqs. (8), (9 ) ,  and ( l o ) . )  
.: 
The matrix [K], i n  equat ions (11) is now p a r t i t i o n e d  i n t o  two block-diagonal 
submatrices [K], and [K],, a ssoc ia ted  with ( € 1  and {E),, r e spec t ive ly ,  and 
a coupling submatrix [2In. 
ma te r i a l  s t i f f n e s s e s  of  t h e  t i r e  and, t he re fo re ,  vanishes f o r  o r tho t rop ic  (and 
i s o t r o p i c )  t i r e s .  
n 
The coupling submatrix conta ins  a l l  t h e  nonorthotropic  
The matrices [RIn and [SIn are s imi l a r ly  p a r t i t i o n e d  i n t o  the  submatrices 
h I n ,  C U I n  and [SIn, [SIn assoc ia ted  with {Eln,  {HIn, 1x1 n and { E l n ,  {HIn, 
{XIn. N o  coupling submatrices o the r  than [Eln e x i s t  between t h e  two sets. 
T h e  governing f ini te-element  equations f o r  each ind iv idua l  element a r e  p a r t i -  
t ioned i n t o  two sets of coupled equations and are embedded i n t o  a single-parameter 
family of equations of t h e  form 
and 
In  equations (13) and ( 1 4 ) ,  X is  a t r ac ing  parameter which i d e n t i f i e s  a l l  t he  non- 
o r tho t rop ic  (an iso t ropic)  cont r ibu t ions  contained i n  the  matr ix  [Kin. For A = 0, 
equations (13) and (14)  are uncoupled; t h a t  i s ,  the  response t o  symmetric loading 
i s  uncoupled from the  response to  antisymmetric loading. 
The e x p l i c i t  forms of t h e  a r r ays  appearing i n  equations (13) and (14)  are given 
i n  appendix B. For n > 0, [K], = [K],, [ R I n  = [R],, [$In = [SIn, and 
5.3 Applicat ion of Reduction Method 
A reduction method i s  now appl ied  t o  uncouple governing equations (13) and (14) 
and t o  reduce the t o t a l  number of degrees of freedom of t h e  i n i t i a l  d i s c r e t i z a t i o n .  
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The method is based on generat ing a f e w  global approximation vec tors  or modes a t  
A = 0 with the  f i n i t e  model. The vec tors  of nodal displacement c o e f f i c i e n t s ,  
s t r e s s - r e s u l t a n t  parameters, and s t r a i n  parameters a r e  then expressed a s  l i n e a r  
combinations of  t hese  g loba l  approximation vectors i n  the  following transformation: 
and 
where the  matrices [r], a r e  t ransformation matr ices  and {$In i s  a vec tor  of 
undetermined c o e f f i c i e n t s  (amplitudes of  global approximation vec tors )  which a r e  
func t ions  of A .  
An e f f e c t i v e  choice f o r  t h e  g loba l  approximation vec tors  ( the  columns o f  the  
matr ices  [ T I n )  c o n s i s t s  of  the  so lu t ion  corresponding t o  A = 0 and i t s  various- 
order  de r iva t ives  with r e spec t  t o  A (evaluated a t  A = 0 ) ,  t h a t  is ,  
L 
with s i m i l a r  expressions f o r  [r,l,, [rffIn9 and DXIn i n  terms of { E l ,  {ffl,  
and { X I .  The t o t a l  number of global  approximation vec tors  i s  h. 
The equat ions used i n  generat ing the  global approximation vec tors  a r e  obtained 
by successive d i f f e r e n t i a . t i o n  of the  f in i t e - e l ezen t  equat ions of t he  d i s c r e t i z e d  
s h e l l  (eqs.  (13) and ( 1 4 ) )  and are l i s t e d  i n  appendix C. The g loba l  approximation 
vec tors  are generated a t  A = 0 ,  thereby uncoupling equat ions (13) and ( 1 4 ) .  
For symmetric loadings the  vec tors  {E}, i f f ) ,  { X I ,  and a l l  t h e i r  even- 
order  d e r i v a t i v e s  with r e spec t  t o  A a r e  zero. A l s o ,  t he  odd-order de r iva t ives  
of {E}, {a), and { x }  with r e spec t  t o  X vanish. For antisymmetric loadings,  
t he  s i t u a t i o n  i s  reversed with respec t  t o  the de r iva t ives  of  {El, {f f} ,  and {XI 
and of  ( € 1 ,  {HI, and {XI. 
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The c l a s s i c  Rayleigh-Ritz technique i s  used t o  rep lace  the  governing f i n i t e -  
element equations of  the  s h e l l  with the  following reduced system of  equat ions i n  




I n  equat ions ( 2 1 )  t o  (23) the  subsc r ip t  n has been dropped f o r  convenience. 
Note t h a t  t he  chosen global  approximation vec tors  (eqs. (17) t o  (19) )  are t h e  
same as those used i n  the  Taylor s e r i e s  expansion of  t he  response i n  terms of A .  
These vectors  provide a d i r e c t  measure of  the  s e n s i t i v i t y  of  t he  d i f f e r e n t  response 
q u a n t i t i e s  t o  nonorthotropic (an iso t ropic)  material s t i f f n e s s  c o e f f i c i e n t s  o f  the  
t i r e .  
Taylor s e r i e s  expansion i s  given i n  sec t ion  8. 
A comparison between the  p red ic t ions  o f  t he  foregoing technique and t h e  
5.4 C a s e  of  Axisymmetric Loading 
I f  the  Fourier harmonic n i s  set equal  t o  zero i n  equat ions (7)  t o  (10) , t he  
governing equations f o r  t he  axisymmetric loading case a r e  obtained. A l l  t he  barred 
loading components and s h e l l  va r i ab le s  vanish,  and the  subvectors {E), (€1, (HI, 
(and ex te rna l  l oad ings ) ,  as shown i n  t a b l e  3. 
{ X I ,  { X I ,  {Q>, and {Q> a r e  now assoc ia ted  with the  fundamental unknowns 
The corresponding matr ices  i n  equat ions (13) and (14)  have d i f f e r e n t  dimensions. 
For X = 0,  the uncoupling of equations (13) and (14) s i g n i f i e s  t he  uncoupling of 
t h e  response of o r tho t rop ic  (and i s o t r o p i c )  s h e l l s  t o  normal and meridional loading 
from the  response t o  c i rcumferent ia l  loading. (See sec t ions  2 . 1  and 2 .4 . )  
6 NONLINEAR ANALYSIS OF ANISOTROPIC TIRES THROUGH USE 
OF TWO-DIMENSIONAL SHELL FINITE ELEMENTS 
A s  a second appl ica t ion  of  t h e  aforementioned computational s t r a t e g y ,  consider  
t he  geometrically nonl inear  ana lys i s  of an i so t rop ic  t ires by use of  t h ree - f i e ld  
mixed two-dimensional s h e l l  f i n i t e  elements. The mater ia l  s t i f f n e s s  matr ix  of  t he  
s h e l l  is  decomposed i n t o  the  sum of an or thot ropic  and a nonorthotropic (an iso t ropic)  
part ,  and the  governing nonl inear  finite-element equations f o r  ind iv idua l  elements 
are embedded i n t o  a two-parameter family of  equations of t he  form 
where ( X I ,  (E) ,  and ( H I  are the vec tors  of nodal displacements,  s t r a i n  param- 
1 eters, and s t r e s s - r e s u l t a n t  parameters; { G ( X )  and ( m ( H , X )  ) are vec tors  of  
nonl inear  cont r ibu t ions ;  (Q) i s  the  vector  of normalized ex te rna l  loading 
c o e f f i c i e n t s ;  q is  a loading parameter; and X i s  a t r a c i n g  parameter which 
i d e n t i f i e s  a l l  t he  nonorthotropic (anisotropic)-contrfbutions t o  t he  element 
equat ions.  The explicit  forms of t he  a r r ays  [K], [K], [R] , [SI , { G ( X )  1 ,  
( f l ( H , X ) ) ,  and {Q) are given i n  appendix D. 
With X and q chosen as the  con t ro l  parameters, a two-parameter reduct ion 
method is appl ied  t o  reduce both t h e  s i z e  of t he  ana lys i s  model and the  t o t a l  
number of degrees of freedom used i n  the  i n i t i a l  d i s c r e t i z a t i o n .  This reduct ion 
i s  accomplished by use of  t he  following transformation: 
where 
func t ions  of  both A and q ,  and the  [r] terms are transformation matr ices  
whose columns are the  global  approximation vectors  cons i s t ing  of t he  so lu t ion  a t  
A = q = 0 and i t s  various-order de r iva t ives  with r e spec t  t o  X and q ,  t h a t  i s ,  
($1  i s  a vec tor  of  amplitudes of  global  approximation vectors  which are 
2 
a 1 . . . I  ax ax [rxl = [ Ix)  ' C- aq  a x  
The equat ions used i n  generat ing the  global approxfnatior. vec tors  a r e  obtained 
by successive d i f f e r e n t i a t i o n  with respec t  t o  q and X of t he  f ini te-element  
equat ions of  t h e  d i s c r e t i z e d  t i r e  (eqs. ( 2 4 ) )  and are l i s t e d  i n  appendix E. For 
convenience, t h e  i n i t i a l  set  of  g loba l  approximation vec tors  i s  generated a t  
X = q = 0. This reduces the  computational e f f o r t  i n  eva lua t ing  the  g loba l  approxi- 
mation vec tors  because of the  following: for  q = 0,  (E), { I < ) ,  and ( X I  vanish,  
as do a l l  t he  nonl inear  terms on the  left-hand s i d e s  or' equat ions $1); and f ~ r  
h = 0,  each of  t h e  g loba l  approximation vectors  e x h i b i t s  known types of symmetries 
(or antisynrmetries) similar t o  those exhibi ted by the  response of o r tho t rop ic  t i res ,  
and the re fo re  the  s i z e  of the  model used i n  generat ing these  vec tors  i s  the  same as 
t h a t  used f o r  o r tho t rop ic  tires. 
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The c l a s s i c  Rayleigh-Ritz technique i s  used t o  rep lace  equat ions (24 )  with 
I the  following system of  nonl inear  equat ions i n  the  unknown parameters ($}: 
where 
l and 
[CI = C [ r E ~ t ~ i ~ [ r E ~  
E lemen t s 
The nonl inear  vec tors  (G($)} and {fl($)) a r e  obtained from the  vec tors  {G(X)} 
and {m(H,X)) through replacement of { H I  and {XI with t h e i r  expressions i n  
terms of ( $ 1  (eqs. ( 2 5 ) ) .  
7 NONLINEAR ANALYSIS OF ORTHOTROPIC TIRES 
SUBJECTED TO UNSYMMETRIC LOADING 
A s  a f i n a l  appl ica t ion  of  t he  computational s t r a t e g y ,  consider the  geometri- 
c a l l y  nonlinear ana lys i s  of o r tho t rop ic  t ires subjected t o  the  loca l i zed  loading 
shown i n  f igure  5 ( b ) .  The loading i s  unsymmetric with r e spec t  t o  r e f l e c t i o n  i n  
the  x-y plane,  bu t  it is  symmetric with r e spec t  t o  r e f l e c t i o n s  i n  the  x-z and y-z 
planes.  (See f i g .  3.) The t i r e  i s  modeled by use of t h ree - f i e ld  mixed two- 
dimensional s h e l l  elements. The loading vec tor  is  decomposed i n t o  symmetric and 
antisymmetric loadings (with r e spec t  t o  r e f l e c t i o n s  i n  the  x-y p l a n e ) ,  and the  
governing nonlinear f ini te-element  equat ions f o r  ind iv idua l  elements a r e  embedded 
i n  a two-parameter family o f  equations of the  form 
I 
q1 and q a r e  normalized loading parameters and {Q1} and {Q2} are the  2 where 
vectors of normalized symmetric and antisymmetric loadings.  
With q and q2 chosen as the  con t ro l  parameters,  a two-parameter reduct ion 1 
method is applied to  reduce both the  s i z e  of the  ana lys i s  model and the  t o t a l  
number of degrees of freedom used i n  t h e  i n i t i a l  d i s c r e t i z a t i o n .  This reduct ion 
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s i z e  of t h e  ana lys i s  model t o  j u s t  one oc tan t  of  the  t i r e  ( ins tead  of t he  one 
quadrant required f o r  t h e  o r i g i n a l  ursymmetric loading) .  
proximation vec tors  e x h i b i t s  known symmetry (or antisymmetry) along the  cen te r l ines .  
Each of t he  global  ap- 
I 




I 1. Although the  ind iv idua l  global  approximation vec tors  e x h i b i t  symmetry (or 
antisymmetry) along t h e i r  cen te r l ines ,  t h e i r  l i n e a r  combination, which approximates 
the  response t o  the  general  unsymmetric loading, i s  genera l ly  unsymmetric. 
2 .  The reduced equat ions can be formed by use of only one oc tan t  o f  the  t i r e .  
However, t he  so lu t ion  of these  equations approximates the  unsymmetric response over 
one quadrant of t he  t i r e  and consequently over t h e  e n t i r e  t i re .  
I 
, 
1 3.  I n  case the  given loading i s  antisymmetric ( i . e . ,  q1 = 01, the  procedure 
can be s impl i f i ed ,  s ince  only one parameter q i s  needed. Obviously, for symmetric 
loadings the  response i s  symmetric. 
4. Updated sets of g loba l  approximation vec tors  may be formed with the  compu- 
t a t i o n a l  s t r a t e g y ,  but  it i s  e s s e n t i a l  t h a t  the t i r e  configurat ion used i n  generat ing 
these  vec tors  be symmetric (e.g., q2 = 0). 
8 NUMERICAL EXAMPLES 
To evaluate  the  e f f ec t iveness  of the  proposed computational s t r a t e g y ,  a number 
of  quasi-symmetric t i r e  problems have been analyzed. For each problem, the  so lu t ions  
obtained with the  proposed s t r a t e g y  a r e  compared with t h e  d i r e c t  ana lys i s  of the  
t i r e .  The r e s u l t s  o f  t h ree  t y p i c a l  problems are discussed here in .  The t h r e e  
problems are l i n e a r  response of an an iso t ropic  t i r e  subjected t o  normal p2essure 
loading,  l i n e a r  response of  an an i so t rop ic  t ire subjected t o  uniform i n f l a t i o n  pres-  
sure  and loca l i zed  loading,  and geometrically nonl inear  response of an o r tho t rop ic  
t i r e  subjected t o  uniform i n f l a t i o n  pressure and unsymmetric l oca l i zed  loading. The 
t h r e e  problems correspond t o  the  computational procedures presented i n  sec t ions  5 
t o  7. 
I n  the  f i r s t  problem, the  t i r e  i s  d i sc re t i zed  with semianalyt ic  f i n i t e  elements 
(Fourier  series expansions i n  the  circumferent ia l  d i r e c t i o n  and f i n i t e  elements i n  
the  meridional d i r e c t i o n ) .  In  the  l a s t  two problems, two-dimensional s h e l l  f i n i t e  
elements are used f o r  t he  d i s c r e t i z a t i o n .  The tires are assumed t o  be r i g i d l y  
clamped a t  the  r i m  ( a t  5 = fl), t o  have e l l i p t i c  cross sec t ions ,  and t o  be made 
of cord-rubber composite material. 
i n  f i g u r e  6. 
cal  r e s u l t s  presented herein.  
The geometric and material p r o p e r t i e s  are given 
Smal l  research-oriented programs were used t o  obta in  a l l  t he  numeri- 
8.1 Linear Response of  an Anisotropic T i r e  Subjected 
t o  N o r m a l  Pressure Loading 
The f i r s t  problem considered i s  t h a t  of t h e  l i n e a r  response of  an an i so t rop ic  
t i r e  subjected t o  normal pressure  loading which i s  uniform i n  the  meridional 
d i r ec t ion .  Two loading cases  are considered. The first is  an axisymmetric loading 
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( i n f l a t i o n  pressure)  with n = 0 ,  and t h e  second i s  a nonaxisymmetric loading w i t h  
n = 2. 
r o t a t i o n a l  symmetry, only ha l f  t he  meridian is  analyzed. The symmetry condi t ions 
a t  5 = 0 are u = $s = 0 and v = w = $ 0  = 0. Eight one-dimensional f i n i t e  
elements are used t o  obta in  converged so lu t ion .  Quadratic i n t e r p o l a t i o n  funct ions 
are used f o r  approximating each of the  stress r e s u l t a n t s  and s t r a i n  components, and 
cubic  in t e rpo la t ion  funct ions are used f o r  approximating each of t he  general ized 
displacements. The nonzero degrees of freedom c o n s i s t  of  118 general ized displace-  
ment coe f f i c i en t s ,  192 stress parameters,  and 192 s t r a i n  parameters. Typical 
r e s u l t s  are presented i n  f igu res  7 and 8 for  n = 0 and i n  f igu re  9 f o r  n = 2. 
s ince  both the  t i r e  and the  loading have a x i a l  symmetry as wel l  as d ihedra l  
The proposed s t r a t e g y  i s  appl ied  t o  t h i s  problem and the  global  approximation 
vec tors  are generated a t  X = 0 and used t o  generate  the  so lu t ions  a t  X = 1. 
The d i s t r i b u t i o n  of  t he  first th ree  nonzero g loba l  approximation vec tors  along 
the  meridian f o r  n = 0 i s  shown i n  f igu re  7. Note t h a t  t he  odd-order de r iva t ives  
of ( € 1 ,  {XI, and ( H I  and the  even-order de r iva t ives  of ( E ) ,  ( X I ,  and {ff} 
with r e spec t  to  X are zero. 
and M a r e  shown i n  
0‘ wo‘ N O , O ’  0,o The even-order de r iva t ives  of u 
are Mse ,o and vo’ 40,o’ Nse,O’ f igu re  7 ( a ) ,  and the  odd-order de r iva t ives  of 
shown i n  f igure  7 ( b ) .  The magnitudes of t he  f i r s t - o r d e r  and higher  o rde r  de- 
r i v a t i v e s  of  the d i f f e r e n t  response q u a n t i t i e s  are an ind ica t ion  of t he  s e n s i t i v i t y  
of  t hese  response q u a n t i t i e s  t o  the  an i so t rop ic  material c o e f f i c i e n t s .  
The t i r e  responses corresponding t o  X = 1 and X = 0 a r e  shown i n  f igu re  8 
f o r  n = 0 and i n  f igu re  9 f o r  n = 2 ,  along with the  p red ic t ions  of  t he  proposed 
s t r a t e g y  based on t h e  use of  four  and s i x  (or s i x  and e i g h t )  g loba l  approximation 
vectors .  The symmetric response q u a n t i t i e s  (with redpect  t o  0 = 0) are shown i n  
f igu res  8 ( a ) ,  9 ( a ) ,  and 9 ( c ) ,  and t h e  antisymmetric response q u a n t i t i e s  are shown 
i n  f i g u r e s  8 ( b ) ,  9 ( b ) ,  and 9 ( d ) .  N o t e  t h a t  f o r  n = 0,  a l l  t he  antisymmetric re- 
sponse q u a n t i t i e s  corresponding t o  X = 0 vanish. 
A s  shown i n  f igu res  8 and 9 ,  f o r  both n = 0 and n = 2 t he  response of  
the  two-layered t i re  i s  s e n s i t i v e  t o  the  nonorthotropic  s t i f f n e s s  c o e f f i c i e n t s  
i d e n t i f i e d  by A.  A s  t he  number of l aye r s  increases ,  t he  response becomes less 
s e n s i t i v e  t o  X. 
An ind ica t ion  of  the  accuracy of t he  so lu t ions  obtained with t h e  proposed 
s t r a t e g y  i s  given i n  f igure  8 for n = 0 and i n  f i g u r e  9 f o r  n = 2.  The gen- 
e r a l i z e d  displacements and s t r e s s  r e s u l t a n t s  pred ic ted  with the  proposed s t r a t e g y  
through use of s i x  vec tors  a r e  h ighly  accurate  except f o r  
e i g h t  vec tors  a re  needed. (See f i g .  9 ( b ) . )  The so lu t ions  obtained with e i g h t  
vec to r s  are almost ind is t inguishable  from the  d i r e c t  f ini te-element  so lu t ion .  
fo r  which Nse ,2, 
The numerical values o f  t h e  amplitudes of the  g loba l  approximation vec tors  
The corresponding amplitudes of i n  the  proposed s t r a t e g y  are given i n  table 4. 
t he  same vectors  i n  the  Taylor series expansion are also given i n  t a b l e  4. 
8.2 L i n e a r  Response of an Anisotropic T i r e  Subjected t o  Uniform 
I n f l a t i o n  Pressure and Localized Loading 
The second problem considered is t h a t  of t he  l i n e a r  response of  t h e  aniso- 
t r o p i c  t i r e  shown i n  f igu re  6 when subjec ted  t o  uniform i n f l a t i o n  pressure  and 
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l oca l i zed  loading (s imulat ing the  contac t  pressure) .  Typical numerical r e s u l t s  
are shown i n  f i g u r e s  5 ( a )  , 10, and 11. 
I n  f i g u r e  5 ( a )  normalized contour p l o t s  are  shown f o r  t he  t w o  displacement 
components v and w produced by the  given loading. In  f igu re  10 ,  normalized 
contour p l o t s  a r e  shown for the  generalized displacements and t h e i r  f i r s t  four  
d e r i v a t i v e s  with r e spec t  t o  evaluated a t  X = 0. Figure 11 shows the  accuracy 
and convergence of the  normal displacement a t  t he  cen te r  w and of the  t o t a l  
s t r a i n  energy U obtained with the  proposed computational s t r a t egy .  C 
A s  expected, the  normal displacement w,  t he  stress r e s u l t a n t s  Ns, Ne, 
E 2E K S F  K 8 '  and 
SO I S I  0 '  
M and M and t h e  s t r a i n  components E N s e r  Ms' 0 '  s0 
2K e x h i b i t  r o t a t i o n a l  ( inversion)  symmetry. The in-plane displacements u and 
v,  the  r o t a t i o n  components $ s  and t h e  t ransverse-shear  stress r e s u l t a n t s  
and Q and the  t ransverse-shear  s t r a i n s  
( invers ion)  antisymmetry. These symmetry proper t ies  are used i n  conjunction with 
the  procedure ou t l ined  i n  re ferences  7 and 8 t o  reduce t h e  ana lys i s  model t o  ha l f  
t h e  t i re .  (See f i g .  5 ( a ) . )  A uniform g r i d  of two-dimensional elements i s  used. 
Biquadrat ic  shape func t ions  are used to  approximate each of the  general ized 
displacements,  and b i l i n e a r  shape funct ions a re  used t o  approximate each of  t he  
stress r e s u l t a n t s  and the  s t r a i n  components (a t o t a l  of  717 nonzero displacement 
degrees of freedom, 1280 s t r e s s - r e s u l t a n t  parameters, and 1280 s t r a i n  parameters) .  
The Gauss-Legendre quadrature  formula with four quadrature  p o i n t s  i n  the  element 
domain i s  used f o r  the  eva lua t ion  of  the  elemental a r rays .  The highly an i so t rop ic  
response o f  t h e  t i r e  i s  given i n  f igu re  5 ( a ) ,  i n  which normalized contour p l o t s  are 
shown f o r  t he  v and w displacements. 
S8 
Qs 
e x h i b i t  r o t a t i o n a l  0 3  and 2e 2Es3 0 '  
The proposed s t r a t e g y  i s  appl ied t o  the  ana lys i s  of t he  t i r e .  Global approxi- 
mation vec tors  are generated a t  X = 0 and a r e  used t o  generate  the  so lu t ion  
corresponding t o  X = 1. The global  approximation vec tors  e x h i b i t  r e f l e c t i o n  
symmetry (or antisymmetry) with r e spec t  t o  5 = 0 and 8 = R .  These symmetry 
r e l a t i o n s  a r e  shown i n  f igu re  10. They c l e a r l y  demonstrate t he  f a c t  t h a t  t he  g loba l  
approximation vec tors  can each be obtained by analyzing only one quadrant of t he  
tire. 
An ind ica t ion  of t he  accuracy and convergence o f  t h e  so lu t ions  obtained with 
the  proposed s t r a t e g y  and with the  Taylor s e r i e s  expansion i s  given i n  f igu re  11. 
The s tandard of  comparison i s  taken t o  be t h e  d i r e c t  l i n e a r  f ini te-element  so lu t ion  
of t h e  an i so t rop ic  t i r e  with the  technique described i n  re ferences  8 and 9. 
can be seen from f igu re  11, the  so lu t ions  obtained with t h e  proposed s t r a t e g y  are 
considerably more accurate  than those obtained with the  corresponding Taylor series 
expansions (based on t h e  same global  approximation v e c t o r s ) .  
t h e  e r r o r s  i n  t h e  t o t a l  s t r a i n  energy obtained with t h e  Taylor s e r i e s  with four  and 
seven global  approximation vec tors  are 16.3 percent  and 5.25 percent .  The corre-  
sponding errors i n  the  s t r a i n  energy obtained with the  proposed s t r a t e g y  are only 
0.15 percent  and 0.001 percent .  
A s  
As an example of t h i s ,  
8.3 Geometrically Nonlinear Response of an Orthotropic  T i r e  Subjected 
t o  Uniform I n f l a t i o n  Pressure and Unsymmetric Localized Loading 
The l a s t  problem considered i s  t h a t  of the geometrically nonl inear  response 
of  a t i r e  subjected t o  uniform i n f l a t i o n  pressure and loca l i zed  loading which i s  
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umqmmetric with respec t  t o  r e f l e c t i o n  i n  the  x-y plane.  (See f i g .  3 . )  The maxi- 
mum i n t e n s i t y  of  the  loca l ized  loading i s  8.662 x l o 5  Pa (125 p s i ) .  
p r o p e r t i e s  are given i n  f igu re  6 ,  and t o  s impl i fy  the  ana lys i s ,  t he  an i so t rop ic  
bending-extensional coupling c o e f f i c i e n t s  o f  t h e  t i r e  are neglected ( i . e . ,  t h e  
t i r e  i s  t r ea t ed  as o r tho t rop ic ) .  
The material 
The unsymmetric l oca l i zed  loading i s  decomposed i n t o  symmetric and a n t i s y m e t -  
r i c  components, as shown i n  f igu re  1 2 .  The pa th  parameters are se l ec t ed  t o  be t h e  
two loading parameters q1 and q2 assoc ia ted  with the  symmetric and antisymmetric 
loading components. Only one quadrant of t he  t i r e  i s  modeled with a uniform g r i d  
o f  two-dimensional elements (a  t o t a l  of 371 nonzero displacement degrees o f  freedom, 
640 s t r e s s - r e s u l t a n t  parameters,  and 640 s t r a i n  parameters). Ten g loba l  approxi- 
mation vectors  a r e  generated a t  zero values  of  q$ and q2 (but  a t  a uniform 
i n f l a t i o n  pressure 
vec to r s  include the  axisymmetric nonl inear  response ((E), (HI, and {X}) evaluated 
d e r i v a t i v e s  with respec t  t o  q1 and q2. These global  approximation vec tors  and 
t h e  reduced equations a r e  generated through use of only one quadrant of  t he  t i r e  
and t h e  appropriate  r e f l e c t i o n  symmetry and antisymmetry condi t ions.  Normalized 
contour p l o t s  f o r  t he  general ized displacements are given i n  f igu re  1 2 .  The re- 
and i t s  f i r s t ,  
second, and t h i r d  de r iva t ives  with r e spec t  t o  5 = 0 and 9 = v/2 is presented 
i n  f igu re  1 2 .  Since t h e  major c o s t  of the  ana lys i s  i s  generat ing the  g loba l  
approximation vectors  and the  c o e f f i c i e n t s  of  t h e  reduced equat ions,  t he  proposed 
computational s t r a t e g y  enhances the  e f f i c i ency  of t h e  reduction technique. 
of 6.895 x l o 5  Pa (100 ps i )  1. The global  approximation PO 
= 6.895 x l o 5  Pa a t  Po and q1 - q2 = 0 and a l l  i t s  de r iva t ives  up t o  t h e  f i f t h  
f l e c t i o n  symmetry ( o r  antisymmetry) f o r  t he  so lu t ion  a t  q1 - q2 = 0 
An ind ica t ion  of the  accuracy and the  convergence of  t he  so lu t ions  obtained 
with t h e  proposed s t r a t egy  i s  given i n  table 5. The s tandard of  comparison i s  
taken t o  be the d i r e c t  nonl inear  f ini te-element  so lu t ion  of  the  o r tho t rop ic  t i r e .  
A s  shown i n  tab le  5 ,  the  so lu t ions  obtained with the  proposed s t r a t e g y  are highly 
accurate .  The e r r o r s  i n  the  normal displacement wc and i n  the  t o t a l  s t r a i n  
energy U obtained by use of  s i x  g loba l  approximation vec tors  ( so lu t ion  a t  
q1 - q2 = 0 
are only 0.83 percent and 0.06 percent .  These e r r o r s  reduce f u r t h e r  when more 
approximation vectors a r e  used. (See t a b l e  5 . )  
q1 and q2)  - and a l l  i t s  f i r s t  and second de r iva t ives  with r e spec t  t o  
9 POTENTIAL OF PROPOSED COMPUTATIONAL STRATEGY 
The proposed s t r a t egy  generates  t h e  so lu t ion  of  a complex t i r e  problem (with 
an i so t rop ic  mater ia l s ,  unsymmetric imperfect ions,  and unsymmetric loading)  using 
s m a l l  o r  Latrge pe.,ttu,tbdtioa from the  response of  a simpler sys t em (e .g . ,  an 
o r tho t rop ic  t i r e  with no imperfect ions) .  The s t r a t e g y  has high p o t e n t i a l  f o r  
handl ing p r a c t i c a l  t i r e  problems. In  p a r t i c u l a r ,  the  following observat ions and 
extensions of  the s t r a t egy  can be made. 
1. The t i re  response, i n  both the  proposed s t r a t e g y  and the  Taylor series 
expansion of  the response i n  terms of  A,  i s  expressed as a l i n e a r  combination of 
the  same global  approximation vec tors .  However, the  c o e f f i c i e n t s  of t h e  l i n e a r  
combination i n  the Taylor s e r i e s  expansion a r e  f ixed  and are equal t o  1, A ,  
A /2!, . . * ,  / ( r  - l)!. By c o n t r a s t ,  t he  c o e f f i c i e n t s  i n  t h e  proposed s t r a t e g y  
a r e  l e f t  as f ree  parameters and are determined with the  Rayleigh-Ritz technique. 
Numerical experiments have shown t h a t  t h e  use of f r e e  parameters leads  t o  accurate  
2 Xr-l 
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so lu t ions  not  only wi th in  the  rad ius  of convergence of  the  Taylor series b u t  a l s o  
w e l l  beyond it. 
2. The proposed s t r a t e g y  can be used t o  analyze tires with unsymmetric 
imperfections.  The unsymmetric imperfections a r e  decomposed i n t o  symmetric and 
antisymmetric components. The t e r m s  i n  the  governing f ini te-element  equat ions (24)  
assoc ia ted  with the  antisymmetric imperfections are grouped toge ther  and mult ipl ied 
by the  t r a c i n g  parameter A .  The g loba l  approximation vec tors  are generated a t  
A = 0. The s i z e  o f  the  ana lys i s  model used i n  generat ing these  vec tors  i s  the  
s a m e  as t h a t  f o r  a t i r e  with symmetric imperfections. 
3 .  The proposed s t r a t e g y  can be appl ied t o  contac t  problems of t ires.  The 
contac t  condi t ions  can be treated as displacement-dependent unsymmetric boundary 
condi t ions.  The unsymmetric response of  the  t i re  i s  approximated by a l i n e a r  com- 
b ina t ion  of symmetric and antisymmetric global approximation vec tors  (or modes). 
The governing nonl inear  f ini te-element  equations a r e  r e s t ruc tu red  t o  de l inea te  the  
cont r ibu t ions  t o  the  symmetric and antisymmetric responses. A t r ac ing  parameter A 
i s  used t o  i d e n t i f y  a l l  the  cont r ibu t ions  t o  the  antisymmetric response. The s i z e  
of t he  ana lys i s  model used i n  generat ing the  global  approximation vec tors  i s  iden t i -  
cal  t o  t h a t  of  t he  corresponding s t r u c t u r e  with symmetric contac t  condi t ions.  The 
amplitudes of t he  global  approximation vectors  are obtained through so lu t ion  of  a 
reduced se t  o f  nonl inear  equations corresponding t o  A = 1. 
4. The proposed s t r a t e g y  can be extended t o  t i r e  problems with more than one 
source for  the  symmetry breaking through attachment of a t r a c i n g  parameter with the  
terms i n  the  governing f ini te-element  equations assoc ia ted  with each source.  How- 
ever ,  as the  number of  independent t r a c i n g  parameters increases ,  both the  number of 
g loba l  approximation vec tors  t h a t  need t o  be generated and the  s i z e  of  the reduced 
system of  equat ions increase  a t  a faster r a t e .  Therefore,  f o r  p r a c t i c a l  app l i ca t ions  
t o  t i re  problems, an attempt should be made to minimize t h e  number of  independent 
t r a c i n g  parameters by t r e a t i n g  some of the  t r ac ing  parameters as funct ions of o the r s .  
5. I n  the  app l i ca t ion  o f  the  proposed s t r a t egy  t o  t i res  subjected t o  unsym- 
metr ic  loading, it i s  e s s e n t i a l  t h a t  t he  t i r e  configurat ion used i n  generat ing the  
global  approximation vec tors  be symmetric. This may l i m i t  t he  a p p l i c a b i l i t y  of the  
s t r a t e g y  t o  cases  i n  which the  magnitudes of the  unsymmetric loading components 
are not  very l a rge .  
6. 
p a r t i c u l a r ,  it can be used t o  generate the  response o f  a complex s t r u c t u r a l  system 
as a l a r g e  per turba t ion  from the  response of a s impler  system. 
t o  use a hierarchy of  simpler systems t o  generate the  response of t he  complex 
s t r u c t u r a l  system by choosing a number of t rac ing  (o r  con t ro l )  parameters and suc- 
cess ive ly  applying a single-parameter reduction method with each of t he  parameters. 
The proposed s t r a t e g y  can be applied t o  o t h e r  mechanics problems. In  
I t  i s  a l s o  poss ib l e  
10 CONCLUSIONS 
Three bas i c  types of symmetry (and t h e i r  combinations) exhib i ted  by t i r e  
i-espoiise are i d e n t i f i e d .  
reducing both the  s i z e  of  t he  model and the  c o s t  of  the  ana lys i s  of  t i r e s  i n  the  
presence of symmetry-breaking condi t ions (e.g., unsymmetric material, geometry, o r  
loading) .  
t i r e  by a l i n e a r  combination of symmetric and antisymmetric global  approximation 
vec tors  (o r  modes). 
An e f f i c i e n t  computational s t r a t e g y  i s  presented f o r  
The s t r a t e g y  is based on approximating the  unsymmetric response of the  
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The three main elements of the computational strategy are the following: (1) 
use of three-field mixed models having independent shape functions for stress re- 
sultants, strain components, and generalized displacements, with the stress 
resultants and the strain components allowed to be discontinuous at interelement 
boundaries; ( 2 )  use of operator splitting (additive decomposition of some of the 
matrices and vectors used in the finite-element model) to delineate the symmetric 
and antisymmetric responses; and ( 3 )  successive use of the finite-element model 
and the classic Rayleigh-Ritz technique to substantially reduce the number of de- 
grees of freedom. The finite-element method is first used to generate a few global 
approximation vectors (or modes). Then the amplitudes of these modes are computed 
through use of the Rayleigh-Ritz technique. 
The proposed computational strategy was applied to the following three quasi- 
symmetric problems of tires : 
1. Linear analysis of anisotropic tires (subjected to arbitrary loading) 
through use of semianalytic finite elements 
2. 
shell finite elements 
Nonlinear analysis of anisotropic tires through use of two-dimensional 
3 .  Nonlinear analysis of orthotropic tires subjected to unsymmetric loading 
In the first two applications, the anisotropy (nonorthotropy) of the tire is the 
source of the symmetry breaking; in the third application, the quasi-symmetry is 
due to the unsymmetry of the loading. 
The effectiveness of the proposed computational strategy is demonstrated with 
numerical examples, and its potential for handling practical tire problems is 
discussed. The results of the study suggest the following conclusions relative 
to the importance of the three main elements of the proposed computational strategy 
and to the potential of the proposed computational strategy: 
1. The use of the three-field mixed models enhances the effectiveness of the 
proposed computational strategy and offers the following advantages over the 
equivalent displacement models: 
A. To reduce the model size of anisotropic tires, the decomposition of the 
material stiffness matrix of the tire affects only the linear arrays 
and [K] of the tire. By contrast, if a displacement model is used, both 
linear and nonlinear arrays are affected by the decomposition. 
[K] 
B. The generation of the global approximation vectors is easier and involves 
fewer arithmetic operations than in the displacement formulation. This is 
because the nonlinear terms of the mixed models are bilinear (or quadratic) 
in the nodal displacements and in the stress-resultant parameters and are 
not cubic as in the displacement formulation. 
C. 
formulations has demonstrated that, for a given number of global approximation 
vectors, the accuracy of the solutions obtained with the reduction method and 
mixed models is higher than that obtained with the corresponding reduction 
method and displacement models. 
sultants and strain components. 
Experience with reduction methods based on mixed models and displacement 
This is particularly true for stress re- 
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2.  The use of pa th  de r iva t ives  as global approximation vec tors  leads  t o  accu- 
rate so lu t ions  with a s m a l l  number of vectors.  
t h e  reduced equat ions i s  r e l a t i v e l y  s m a l l ,  and the  t o t a l  ana lys i s  t i m e  t o  a f irst  
approximation equals  t h e  t i m e  required t o  evaluate the  g loba l  approximation vectors  
and t o  generate  the  reduced equations.  The operator  s p l i t t i n g  technique allows the  
reduct ion of  t h e  s i z e  of  t he  ana lys i s  model of t he  t i r e  and, t he re fo re ,  t h e  t i m e  
needed t o  generate  the  g loba l  approximation vectors  i s  reduced. 
Therefore,  t he  t i m e  required t o  solve 
3 .  The g loba l  approximation vec tors  provide a d i r e c t  measure of the  s e n s i t i v i t y  
of  t he  d i f f e r e n t  response q u a n t i t i e s  t o  the  t r ac ing  parameters used and t h e i r  associ- i 
1 a ted  e f f e c t s  (e.g., an i so t rop ic  (nonorthotropic) material c o e f f i c i e n t s  of  the  t i r e ,  
I geometric imperfect ions,  o r  unsymmetric contact  condi t ions) .  The s e n s i t i v i t y  of  the  
I global  response can a l s o  be assessed with these vec tors .  
4. The reduct ion method used i n  the  proposed computational s t r a t e g y  e x p l o i t s  
t he  b e s t  elements of  t he  f ini te-element  method and of  t h e  Rayleigh-Ritz technique, 
as follows: 
A. The f ini te-element  method is used as a general  approach f o r  generat ing 
g loba l  approximation vectors .  
a t i n g  these  vec tors  is the  same as t h a t  of the  corresponding o r tho t rop ic  panel.  
The s i z e  of  t he  ana lys i s  model used i n  gener- 
B. The Rayleigh-Ritz technique i s  used as an e f f i c i e n t  procedure f o r  minimizing 
and d i s t r i b u t i n g  t h e  e r r o r  throughout the s t r u c t u r e .  
5. The reduct ion method extends the  range of a p p l i c a b i l i t y  of t h e  Taylor 
series expansion by re lax ing  t h e  requirement of  using s m a l l  loading and t r a c i n g  
parameters i n  the  expansion. 
NASA Langley Research Center 
Hampton, VA 23665-5225 
January 7, 1987 
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APPENDIX A - FUNDAMENTAL EQUATIONS OF SHELL THEORY 
USED I N  THE PRESENT STUDY 
The fundamental equations of t h e  Sanders-Budiansky type s h e l l  of r evo lu t ion  
used i n  the  present study are summarized herein.  
tropic mater ia l  response and transverse-shear deformation are included. 
The effects of laminated, aniso- 
S t r a i n  Displacement Relationships 
The r e l a t ionsh ips  between t h e  s t r a i n s  and general ized displacements of t he  
middle surface are given by 
w 1  2 1 2  
E = a ~ + -  + - asw) + 7 o 
.................... R1 
S 
E = -  S u + - a e v + -  1 w 1  1 
a r  
R2 8 r r 
v 1  
8 2 E  = - - + - a w + 4  03 R2 r 0 ( A 8  1 
where E and E o  are t h e  extensional  s t r a i n s  i n  t h e  meridional and circumferent ia l  
d i r e c t i o n s ,  2 E  is the  in-plane shear ing s t r a i n ,  K and K are t h e  bending 
s t r a i n ,  
and 4 
S 
s t r a i n s  i n  t h e  meridional se and circumferent ia l  d i r e c t i o n s ,  S 2~~~ 0 is  the  t w i s t i n g  
and 2 E e 3  are t h e  transverse-shear s t r a i n s ,  a s  3 a / a s ,  a, E 8 /80 ,  2Es3 
i s  t h e  ro t a t ion  around t h e  normal t o  t h e  s h e l l ,  which is  given by 
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The nonl inear  terms which account f o r  moderate r o t a t i o n s  a r e  underlined with dashes 
i n  equat ions (All t o  ( A 3 ) .  
Const i tu t ive  Relations 
The s h e l l ' i s  assumed t o  be made of a laminated, an i so t rop ic ,  l i n e a r l y  e l a s t i c  
material. 
symmetry paral le l  t o  the  middle surface.  The r e l a t ionsh ips  between the  stress 
r e s u l t a n t s  and the  s t r a i n  measures of the  s h e l l  are given by 
Every po in t  of t he  s h e l l  is assumed t o  possess  a s i n g l e  plane of  e l a s t i c  
5 ymme t ri c 
- 





















where c, f ,  and d are s h e l l  s t i f f n e s s  coe f f i c i en t s .  The nonorthotropic 
(an iso t ropic)  terms are c i r c l e d  and t h e  do t s  r e f e r  t o  zero t e r m s .  
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APPENDIX B - FORMULAS FOR THE COEFFICIENTS I N  THE FINITE-ELEMENT 
EQUATIONS FOR SEMIANALYTIC INDIVIDUAL ELEMENTS 
The explicit  forms of t h e  elemental  a r r a y s  [Kin, [K],, [E],, [R] [ R l n ,  
[$In, [SIn, (QIn, and {Q,,, a s soc ia t ed  with t h e  harmonic n are given i n  t h i s  
appendix. For convenience, each of these  a r r a y s  i s  p a r t i t i o n e d  i n t o  blocks corre- 
sponding t o  contr ibut ions from ind iv idua l  nodes, stress r e s u l t a n t s ,  or s t r a i n  
approximation functions.  The expressions o f  t h e  t y p i c a l  p a r t i t i o n s  (or blocks) are 
given subsequently. 
S I  8' set is  E 
r e s u l t a n t  parameters i s  N s r  N o ,  N s e r  Ms, M e ,  M s e r  Q,, and Q,; and t h e  order  
of t h e  generalized displacement c o e f f i c i e n t s  i s  u,  v, w ,  Os, and 0,. 
n'  
Note t h a t  t he  o rde r  of t h e  s t r a i n  parameters i n  t h e s e  p a r t i t i o n s  
and 2 E e 3 ;  t he  order o f  t h e  stress- 2KS, I 2 E  S3' K S I  8 '  
E 2 E  K 
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d66 * Symmetric ------- 
44 C - 
2 cos n0 
s i n  n0 9 r d0 d s  
The d o t s  in equations (B1) and succeeding equations r e f e r  t o  zero terms. 
p a r t i t i o n  of the elemental  a r r a y  [Kin 
changing cos ne and s i n  ne. 
The ij 
i s  given by equations ( ~ 1 )  a f t e r  i n t e r -  
2 2 
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The i j  p a r t i t i o n  o f  t h e  elemental array [E]- i s  given by 
I 
11 - 
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2 cos ne 
r d0 ds 
The i j  p a r t i t i o n  of t h e  elemental array [R], can be w r i t t e n  as the  sum 







2 cos ne + 
1 
1 i 
The i j  p a r t i t i o n  of the  a r r a y  [R], i s  given by equations (B3) af ter  i n t e r -  
changing cos2n6 and s i n  ne. 2 
The ij p a r t i t i o n  of t h e  elemental  array [$In is  given by 
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+ 
2 cos ne 




I . I .  
I 




I . I .  
The i j  p a r t i t i o n  of t h e  elemental  a r r a y  [SIn i s  given by equations (B4) 
interchanging cos2ne and sin2nB. 
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2 s i n  ne r dB d! 
a f t e r  
The i t h  p a r t i t i o n  o f  t he  a r r ay  (QJn is given by: 
The i t h  p a r t i t i o n  of  the  a r r ay  {Qln is  given by equation (B5) a f t e r  i n t e r -  
2 changing cos2 ne and s i n  ne. 
I n  equat ions (B1) t o  (B5) , R i s  the  length of  the  element; F;% and i j  are 
I the  shape funct ions f o r  both t h e  s t r a i n  components and the  stress r e s u l t a n t s ;  
are the  shape funct ions f o r  t h e  generalized displacements;  c,  f ,  and d a r e  s h e l l  
s t i f f n e s s e s ;  
face ( see  f i g .  1); R1 and R2 are p r inc ipa l  r a d i i  of curvature  i n  the  meridional 
and c i rcumferent ia l  d i r e c t i o n s ;  s and 8 are the  meridional and c i rcumferent ia l  
coordinates  of t h e  s h e l l ;  and 3 a/as. 
NJ 
r i s  the  normal d is tance  from the  t i r e  a x i s  t o  the  reference sur- 
S 
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APPENDIX C - EVALUATION OF GLOBAL APPROXIMATION VECTORS 
BASED ON SEMIANALYTIC FINITE ELEMENTS 
The global approximation vectors are chosen to be the solutions of equations 
( 7 )  and (81, {Eln, {HIn, {XIn, {E), {ffIn, {XIn, and their various-order 
path derivatives (derivatives of these solutions with respect to A) evaluated at 
A = 0. For A = 0, equations ( 7 )  and (8) are uncoupled. The path derivatives 
are obtained by successive differentiation of the governing finite-element equa- 
tions ( 7 )  and ( 8 )  with respect to A and solution of the resulting two sets of 
uncoupled equations corresponding to A = 0. For the individual finite elements, 
the recursion formulas for the path derivatives can be written in the following 
compact form: 
and 
where m 1 1 and the vectors and {PI on the right-hand sides of equa- n n tions (C1) and (C2) are given by 
and 
m-1 
{PIn = -m [K], - ~ a (E) a A m - l  n 
Note that equations (C1) and (C2) are uncoupled and that the coefficient matrices 
on the left-hand sides of these equations, which must be factored for each Fourier 
harmonic n, are the same for all the path derivatives. 
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APPENDIX D - FORMULAS FOR THE COEFFICIENTS I N  THE GOVERNING 
NONLINEAR EQUATIONS FOR INDIVIDUAL TWO-DIMENSIONAL 
SHELL FINITE ELEMENTS 
The e x p l i c i t  forms of the  a r r ays  [i], [R], [SI, [ E ] ,  (c(X) 1 ,  I m ( H , X )  1 , 
and {Q) are given i n  t h i s  appendix. For convenience, each of t hese  a r r ays  i s  
p a r t i t i o n e d  i n t o  blocks corresponding t o  contr ibut ions from indiv idua l  nodes, 
s t r a i n ,  or  s t r e s s - r e s u l t a n t  approximation functions.  The expressions of t he  
t y p i c a l  p a r t i t i o n s  (o r  blocks)  a r e  given i n  t a b l e  D 1 .  Note t h a t  t h e  order  of t h e  
and 2 E e 3 .  The order  of  t he  s t r e s s  r e su l t an t s  is Ns, N e ,  Nse,  Ms, Me, Mse, QsI 
and Qe.  The order  of  t he  nodal displacement parameters is  u, v ,  w,  and $ 0 .  
SO' 2Es3r 2 K  0 '  
s t r a i n  components i n  these  p a r t i t i o n s  i s  E E 8 '  2 E s e t  K s l  K 
I n  t a b l e  D l ,  F;% and i j  are t h e  shape funct ions for  both the  stress re- 
s u l t a n t s  and s t r a i n  components: 
displacements; r i s  the  r a d i a l  coordinate;  m i s  the  number of displacement 
nodes i n  the  element: [I] i s  the  i d e n t i t y  matrix: i s  the  number of param- 
eters used i n  approximating each of  t h e  s t r e s s  r e s u l t a n t s  and s t r a i n  components: 
S (e) 
i and j is  1 t o  A ,  and the  range of t he  ind ices  i and - j i s  1 - t o  m. The 
do t s  i n  the  matr ices  r e f e r  t o  zero t e r m s .  The q u a n t i t i e s  E and E are 
def ined i n  t e r m s  of t h e  displacement components as follows: 
N j  a r e  the shape funct ions for the  general ized 
i s  the  element domain; 8, f a/as; and a 0  5 8/88. The range of the  ind ices  
1 2 
- v 1  
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APPENDIX E - EVALUATION OF GLOBAL APPROXIMATION VECTORS 
BASED ON TWO-DIMENSIONAL SHELL FINITE ELEMENTS 
The global approximation vectors i n  equations (26)  t o  (28) are obtained by suc- 
cessive different ia t ion of the governing finite-element equations (24)  , with respect 
t o  the two parameters q and A ,  and solution of the result ing system of l inear  
simultaneous algebraic equations. For individual f i n i t e  elements, the recursion 
formulas for the global approximation vectors can be written i n  the following 
compact form: 
where 
0 S + L  
am, 
Symmetric - 
- axJ - 
the range of 7 i s  1 t o  84 (4 i s  the number of parameters used i n  approxi- 
mating each of the s t r e s s  resultants or  s t ra in  components) and the range of I and 
J i s  1 t o  5m (m i s  the number of displacement nodes). The to t a l  number of 
(m + n) combinations i s  tr - 1, where fi i s  the number of approximation vectors. 
I are  (m+ 11) (Q I , I R  (m+n) The expl ic i t  forms of the f i r s t  few values of {p T ,  
given i n  table  E l .  
I n  table E l ,  a dot ( - 1  over a symbol refers t o  a derivative with respect t o  q 
and a prime ( ' 1  over a symbol refers  to  a derivative with respect t o  A .  Note tha t  
the coefficient matrix on the left-hand side of equations ( E l ) ,  which must be 
factored, i s  the same for  each of the global approximation vectors. Hence, t h i s  
matrix is  factored only once regardless of the number of global approximation vectors 
generated. I f  the global approximation vectors are generated a t  X = q = 0, then 
{E) = 0, {HI = 0, and (XI = 0. Also, a l l  the derivatives x { E ) ,  --{HI, and 
--{XI vanish, and equations ( E l )  are thus simplified. The computational e f fo r t  
i n  evaluating t h e  global approximation vectors i s  thereby reduced. 
a n  an  
an a x  a 
a h n  
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Table E l . -  F i r s t  E x p l i c i t  Forms of {p(m+n)}, (Q(m+n) 1 ,  and { R ( m f n )  } 
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SYMBOLS 
r a d i a l  dis tance f o r  t o r o i d a l  s h e l l  (see f i g .  6)  a 
bo t bl tb2 parameters def ining the  e l l i p t i c  p r o f i l e  of the  t i r e  cross sec t ion  
(see f i g .  6)  
c i  j t d i  j t f i j  
c44' c45' c55 
EL'ET 
s h e l l  s t i f f n e s s  c o e f f i c i e n t s  ( i , j  = 1,2,6) 
transverse-shear s t i f f n e s s  coe f f i c i en t s  of the s h e l l  
e las t ic  moduli o f  t h e  individual  l a y e r s  i n  the  d i r e c t i o n  of fibers 
and normal t o  it 
( E l  vector  o f  s t r a i n  parameters fo r  a . s h e l l  element (see eqs. (11) 
and (24) )  
vectors  of s t r a i n  parameters f o r  a one-dimensional s h e l l  element 
(see eqs. (13) and (14) )  
shear  moduli i n  plane o f  fibers and normal t o  i t  
vectors  of nonl inear  terms fo r  a two-dimensional s h e l l  element 
(see eqs. (24) ) 
vector  o f  s t r e s s - r e s u l t a n t  parameters (see eqs. (11) and (24) ) 
vectors  of s t r e s s - r e s u l t a n t  parameters f o r  a one-dimensional s h e l l  
element (see eqs. (13). and (14)) 
h to t a l  thickness  of t he  s h e l l  
elemental matrices (see eqs. ( 1 1 1 ,  (13) ,  (14) and (24) 1 
l i n e a r  s t i f f n e s s  matrices of the  reduced system (see eqs. (21) ,  
(221, (30) and (31) )  
bending (and tw i s t ing )  stress r e s u l t a n t s  (see f i g .  2 )  
number o f  displacement nodes i n  the  element 
i n t e n s i t y  of ex te rna l  moments i n  the  meridional and c i r cumfe ren t i a l  
d i r e c t i o n s  
vector of nonlinear terms i n  t h e  reduced system (see eqs. (32) )  
extensional  stress re su l t an t s  (see f i g .  2) 
shape funct ions used f n r  approximating t h e  generalized displacements 
- 
N shape funct ions used f o r  approximating t h e  stress r e s u l t a n t s  and 
s t r a i n  components 







X * Y I Z  
3 X 
i n t e n s i t y  of normal pressure  loading 
i n t e n s i t y  of ex te rna l  loading i n  the  coordinate  d i r e c t i o n s  
(see f i g .  2 )  
vec tors  o f  normalized ex te rna l  loadings f o r  ind iv idua l  elements 
(see eqs. (24)  and (34) )  
transverse-shear stress r e s u l t a n t s  (see f i g .  2 )  
vec tors  of cons i s t en t  ex te rna l  loadings and moment c o e f f i c i e n t s  
f o r  a one-dimensional s h e l l  element (see eqs. (13) and ( 1 4 ) )  
loading parameters 
loading vec tor  of t he  reduced system (see eqs. (23) and (29 ) )  
p r inc ipa l  r a d i i  of curvature  i n  the  meridional and c i rcumferent ia l  
d i r ec t ions  
l i n e a r  matr ices  of t h e  s h e l l  element (see eqs.  ( 1 1 1 ,  (131, (14)  
and ( 2 4 ) )  
normal d is tance  from the  s h e l l  ax is  t o  the  reference sur face  
number of g loba l  approximation vec tors  
l i n e a r  strain-displacement matr ices  of  t h e  s h e l l  element (see 
eqs. ( 1 1 1 ,  (131, (141, and ( 2 4 ) )  
meridional coordinate of t h e  s h e l l  (see f i g .  2 )  
number of parameters used i n  approximating each of  the  s t r e s s  
r e su l t an t s  and s t r a i n  components within the  ind iv idua l  elements 
t o t a l  s t r a i n  energy of t h e  s h e l l  
displacement components of the  middle sur face  of the  s h e l l  i n  t he  
meridional, c i rcumferent ia l ,  and normal d i r e c t i o n s  
normal displacement a t  the  center 
vector of nodal displacements 
vectors  of general ized nodal displacement c o e f f i c i e n t s  f o r  a one- 
dimensional s h e l l  element 
Cartesian coordinate system (see f i g .  3) 
coordinate normal t o  the  s h e l l  middle sur face  
38 
rrEII r r H I I  CrJ, matrices of global approximation vectors defined i n  equations 
(16) I (17) I (181, (191, (261, (271, and (28) CrEl, Cr,I I Cr,I, 
r rE 1 I r rH1 I r 5 1  
E S I E @ S e  extensional  s t r a i n s  of the  middle sur face  of the  s h e l l  
transverse-shear s t r a i n s  of the s h e l l  2Es3t2Ee3 
K s i K 0 i 2 K  se 
0 c i rcumferent ia l  (hoop) coordinate of t he  s h e l l  (see f i g .  2 )  




t r ac ing  parameter ident i fy ing  a l l  t he  an iso t ropic  t e r m s  i n  t he  
governing finite-element equations (see eqs.  (13) , ( 1 4 ) ,  and (24)  ) 
major Poisson 's  r a t i o  of  t he  individual  l aye r s  
dimensionless coordinate along the  meridian (see f i g .  3) 
4 ro t a t ion  around the normal t o  the  s h e l l  middle surface 
ro t a t ion  components of t h e  middle surface of t he  s h e l l  (see f i g .  2)  
vector  of amplitudes of global approximation vec tors  
v 4 3  
($1  
a l a s  a 
a6  a / a e  
S 
Ranges of ind ices :  
7, J 1 t o  a 
1,J 1 t o  5m 
.i, j 1 t o  4 
i , j  1 t o  m 
Superscr ip t  t denotes t ranspos i t ion ;  subscr ipt  n r e f e r s  t o  the  nth Fourier 
harmonic. 
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Table 1.- Symmetry Conditions f o r  T i r e s  Exhib i t ing  Rotat ional  and/or 
Reflect ion Symmetry i n  Addition t o  Axial Symmetry 
[See f i g .  3 1  
Orthotropi  c 
Additional s ymme t r ie  s 
of t i r e  and loading 
A t  -1 < - -  5 < 1:
v = $  = o  8 
Nse = Mse = Q, = 0 
S8 S€l 83 
2E = 2K = 2E = 0 
A t  5 = 0:  
u = $  = o  
Qs = 0 
2E = 0 
s 3  
S 
Rotat ional  symmetry about 
an a x i s  normal t o  the  a x i s  
of  revolut ion (e. g. , 
z-axis) 
Reflect ion (or mirror)  
symmetry w i t h  respect 
t o  x-z plane 
Rotat ional  symmetry 
about a x i s  normal t o  
a x i s  of  revolut ion and 
r e f l e c t i o n  symmetry with 
r e spec t  t o  x-z p lane  
T i r e  type Symmetry condi t ions  
Orthotropi  c A t  5 = 0: 
Qs = Q, = 0 
2es3 = 2SB3 = 0 
Orthotropic  A t  6 = 0: 
u = +  = o  
S 
Ns, = Ms, = Qs = 0 
2E = 2K = 2E = 0 




Table 2.- Symmetric and Antisymmetric Shell Variables 
8 = 0 )  [Symmetric or antisymmetric with respect to 
Symmetric variables Vector Antisymmetric variables I Vector 
n I€ 1 n I E  1 
2E - K , 2K 8,n se,n' s3,n' 
2E 83,n 
n I H 1  
Table 3.- Symmetric and Antisymmetric Tire Quantities 
[n = 0 )  
I Vector Symmetric variables Antisymmetric variables Vector 
CEI, E 
E e,o' K s l o t  K e,o' 
2E s3,O 
2E 2K 2E se,o' se,o' e3,o 
iH3,  M se,o' se,o' Qe,o N 
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I I I 
0 0  0 
4 l - i  4 
x x  X 
N c n  m 
c n r l  m 
N r l  a, 
P m  m 
I 
‘K o r l  rl 
Table 5.- Accuracy and Convergence of Solutions Obtained With Proposed St ra tegy  
for Orthotropic  T i r e  Subjected t o  Uniform I n f l a t i o n  Pressure and 
Unsymmetric Localized Loading 
f i g .  12; for uniform i n f l a t i o n  pressure only (ql = q2 = 
Number o f  

















-0.6553 Direct f inite-element so lu t ion  
* 
See f igu re  3. 
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Figure 3.- Axes of r o t a t i o n a l  symmetry and plane-of-ref lect ion 
symmetry f o r  t ires.  
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(a) Even-order derivatives. (b) Odd-order derivatives. 
Figure 7.- Global approximation vectors used with semianalytic finite elements for 
two-layered anisotropic tire subjected to normal loading. n = 0. 
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(a) Symmetric quantities. 
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(b) Antisymmetric quantities. 
Figure 8.- Accuracy of solutions obtained with proposed strategy for two-layered I 
, anisotropic tire subjected to normal loading and modeled by semianalytic 
finite elements and n = 0. 
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(a) Symmetric generalized 
displacements. 
(b) Antisymmetric generalized 
displacements. 
Figure 9.- Accuracy of solutions obtained with proposed strategy for two-layered 
anisotropic tire subjected to normal loading and modeled by semianalytic 
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Figure 11.- Convergence of maximum normal displacement wc and to t a l  
s t r a i n  energy U obtained with proposed s t r a t e g y  and with Taylor 
s e r i e s  expansion f o r  two-layered an i so t rop ic  t i r e  subjec ted  t o  
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